ABSTRACT: Traditional time-cost trade-off analysis assumes that the time and cost of an option within an activity are deterministic. However, in reality the time and cost are uncertain. Therefore, in analyzing the timecost trade-off problem, uncertainties should be considered when minimizing project duration or cost. Simulation techniques are useful for analyzing stochastic effects, but a general strategy/algorithm is needed to guide the analysis to obtain optimal solutions. This paper presents a hybrid approach that combines simulation techniques and genetic algorithms to solve the time-cost trade-off problem under uncertainty. The results show that genetic algorithms can be integrated with simulation techniques to provide an efficient and practical means of obtaining optimal project schedules while assessing the associated risks in terms of time and cost of a construction project. This new approach provides construction engineers with a new way of analyzing construction time/cost decisions in a more realistic manner. Historical time/cost data and available options to complete a project can be modeled, so that construction engineers can identify the best strategies to take to complete the project at minimum time and cost. Also, what-if scenarios can be explored to decide the desired/optimal time and/or cost in planning and executing project activities.
INTRODUCTION
Time-cost trade-off analysis is one of the most important aspects of construction project planning and control. In general, there are trade-offs between time and cost to complete each activity of a project. The usual relationship is that the less expensive the resources used, the longer it takes to complete an activity. For example, using more productive equipment or hiring more workers may save time but would be more expensive. Fig. 1 presents a typical discrete relationship between time and cost for an activity. Generally, project planners strive to find the most cost effective way to complete a project within time limits. Because of the time-cost relationship among activities, it usually takes several iterations to select the proper methods, equipment, and crew sizes to obtain an acceptable overall project duration within the contractual time limit. Because not all activities are critical, some activities can be performed more slowly, with less cost, without impacting the overall project duration. Schedulers can perform the socalled time-cost trade-off analysis to minimize the project cost or to minimize the total project duration. A complete analysis leads to (1) a time-cost trade-off curve showing the relationship between total project duration and cost; and (2) identification of the specific construction methods corresponding to each solution along the project time-cost trade-off curve.
A common assumption is that the cost and duration of an option within an activity are deterministic. In addition, an option is defined as a method or a mode to execute the activity with associated cost and duration. However, in reality they are uncertain. The cost and time of the options within an activity are probabilistically distributed, as demonstrated in Fig. 2 . Some options are more risky than others and have a broad distribution. In addition, it is hard to properly evaluate the options using deterministic methods if the overlaps between the options are significant. Therefore, uncertainties should be 1 Asst. Prof., Dept. of Civ. Engrg., Nat. Cheng Kung Univ., No. 1, TaHseuh Rd., Tainan, Taiwan. E-mail: cfeng1@ms21.hinet.net 2 Adjunct Asst. Prof., Dept. of Civ. Engrg., Univ. of Illinois at UrbanaChampaign, 205 considered when minimizing project cost and duration. This leads to the so-called stochastic time-cost trade-off problem. Although simulation techniques are useful for analyzing such problems, a general strategy/algorithm is needed to guide the analysis to obtain optimal solutions. The following sections briefly review the stochastic time-cost trade-off problem, relevant research in the area, and finally the new approach that combines simulation with genetic algorithms (GAs).
PROBLEM STATEMENT
Construction time-cost trade-off problems are viewed as one of the most important aspects of construction decision making (Feng et al. 1997) . Difficulties arise because, for the hundreds of activities of a project, there are various options of completing these activities using different crew sizes or equipment. This creates the classic combinatorial search problem for construction engineers to identify the best selections of crew size or equipment that produce the minimum cost possible to complete the project. Traditionally, the time and cost for the options to complete an activity are assumed to be deterministic in construction time-cost trade-off analysis (Harris 1978) , but in reality they typically follow a certain kind of probabilistic distribution, as indicated by historical data. The stochastic nature of time and cost adds an additional dimension of complexity to the already hard to solve combinatorial problem.
Although most researchers recognize the fact that time-cost trade-off problems are stochastic by nature, most working solutions assume that time and cost for completing an activity are deterministic (De et al. 1995) . The following discussions highlight the limitations of solving construction time-cost trade-off problems by assuming deterministic time and cost, at both the activity and the project levels.
Activity Level

Overlap between Distributions
In the traditional deterministic time-cost trade-off problem, only certain values of the duration and cost of the options within an activity, usually the mean values, are used to evaluate the options. This may be done with the stochastic timecost trade-off problem only if there are no significant overlaps between the distributions of both duration and cost of the options. For example, in Fig. 3 both the duration and cost of the options are distributed within their specific regions without significant overlap. It may be sufficient to use only the mean values of the duration and cost of these options to find the optimal choice for each activity in such a situation.
On the other hand, if there are significant overlaps between the distributions, using only the mean values is no longer sufficient. For example, in Fig. 4 we cannot say that the duration of Option 1 is definitely shorter than the duration of Option 2, even though this is true of the mean values. Therefore, we need a comparison scheme that considers the whole distribution in order to evaluate the duration and cost of an option.
Correlation between Duration and Cost
Because both the duration and cost of an option are determined by the type of resource being used, it is reasonable to assume that the duration and cost of an option are correlated. Using only the mean values of the duration and cost does not reflect the correlation between the duration and cost of an option. The duration and cost of an option can be obtained from historical data and so can their correlation, which may be obtained by using regression analysis. Examples of possible correlation between the cost and duration of an option are shown in Fig. 5 . The first graph in this figure shows that the cost and duration of an option to finish an activity are independent of each other; the second graph shows that they are negatively correlated.
Correlation between Activities
Some activities within a project use the same resources, such as heavy equipment; therefore, these activities may be affected by each other. In other words, these activities are correlated to each other. Such correlated relationships are not reflected when using only the mean values of the options to evaluate the project duration and cost.
Project Level
Overlap between Distributions of Project Duration and Cost
In solving the traditional deterministic time-cost trade-off problem, both the project duration and cost are determined by the length of the critical path and the sum of the costs of the activities, respectively. As a result, the project duration and cost are evaluated based on certain values, which are usually the mean values. However, such an approach is not sufficient for stochastic time-cost trade-off problems. For example, in 
Correlation between Project Duration and Cost
Because the project duration and cost are produced by the same combination of options, it is reasonable to assume that the project duration and cost are correlated. However, the real values of the project duration and cost are now known until the project is finished; the same is true of the correlation between the project duration and cost. Nevertheless, we can still estimate the mean values, variance, and correlation of the project duration and cost according to the results from simulation.
EXISTING TECHNIQUES
Existing techniques for construction time-cost trade-off problems can be categorized into three areas: heuristics, mathematical programming, and simulation. The following sections briefly describe the strengths and weaknesses of the existing techniques.
Heuristic Methods
Heuristic methods are based on rules of thumb that generally lack mathematical rigor. They provide good solutions but do not guarantee optimality. Examples include Fondahl's method (1961), Prager's structural model (1963), Siemens's effective cost slope model (1971) , and Moselhi's structural stiffness method (1993) . In resource-constrained scheduling, intensive research has been conducted under the consideration of renewable resource constraints in terms of minimizing project duration. Heuristic methods have enjoyed the majority of the research effort because they can find good solutions with far less computational effort than other methods. Heuristics can be classified into two types: (1) Serial heuristics, in which processes are first prioritized and retain their values throughout the scheduling procedure; and (2) parallel heuristics, in which process priorities are updated each time a process is scheduled. Examples are Bell and Han (1991) , Kahattab and Choobineh (1991) , and Boctor (1993) . These heuristics provide good solutions; however, the performance is problem-dependent, and good solutions are not guaranteed.
Mathematical Programming Models
Mathematical programming methods convert time-cost trade-off problems to mathematical models and utilize linear programming, integer programming, or dynamic programming to solve them. Kelly (1961) formulated time-cost trade-off problems by assuming linear time-cost relationships within processes. Other approaches, such as those by Hendrickson and Au (1989) and Pagnoni (1990) , also use linear programming to solve the time-cost trade-off problem. Linear programming approaches are suitable for problems with linear timecost relationships but fail to solve those with discrete time-cost relationships. Meyer and Shaffer (1963) and Patterson and Huber (1974) solved time-cost problems including both linear and discrete relationships by using mixed integer programming. However, integer programming requires a prohibitive amount of computational effort once the number of options to complete an activity becomes too large or the network becomes too complex. Burns et al. (1996) took a hybrid approach that used (1) linear programming to find a lower bound of the trade-off curve; and (2) integer programming to find the exact solution for any desired duration. Robinson (1975) , Elmagraby (1993) , and De et al. (1995) used dynamic programming to solve time-cost trade-off problems for a special class of networks that can be decomposed to pure series or parallel subnetworks.
Simulation
Finding the optimal solutions for construction time-cost optimization in a stochastic network has proven to be a difficult problem to solve. For example, if the durations of the options were random variables (continuous or discrete), the evaluation process would involve excessive numerical integration, which makes it practically impossible. Simulation techniques have been used to enhance the study of stochastic project networks; however, many studies focus only on estimating project duration or expenditures (Dobin 1985; Weiss 1986) 1994) and Kidd (1987) . They provide a good strategy to analyze the results of simulation; however, the above analyses do not attempt to optimize the entire project time-cost trade-off curve.
Heuristic methods, mathematical models, and simulation techniques show both strengths and weaknesses. The heuristic approaches select the processes to be shortened or expanded based on certain selection criteria, but they do not guarantee optimal solutions. On the other hand, mathematical models require great computational effort, and some approaches do not provide the optimal solution either. In addition, for largescale networks, neither heuristic methods nor mathematical programming models can obtain optimal solutions efficiently. Simulation techniques provide a good estimate for the optimal solutions; however, a guide to analyze the result of the simulation must be provided in order to find the solutions efficiently. The state of research suggests the need to develop a more efficient algorithm to conduct optimal time-cost tradeoff analysis under uncertainties.
GAs
GAs are search algorithms developed by Holland (1975) , which are based on the mechanics of natural selection and genetics to search through decision space for optimal solutions (Goldberg 1989). The metaphor underlying GAs is natural selection. In evolution, the problem each species faces is to search for beneficial adaptations to the complicated and changing environment. In other words, each species has to change its chromosome combination to survive in the living world. In GAs, a string represents a set of decisions (chromosome combination), a potential solution to a problem. Each string is evaluated on its performance with respect to the fitness function (objective function). The ones with better performance (fitness value) are more likely to survive than the ones with worse 
FIG. 9. Example of Correlation between Activity Duration and Cost
performance. Then the genetic information is exchanged between strings by crossover and perturbed by mutation. The result is a new generation with (usually) better survival abilities. This process is repeated until the strings in the new generation are identical, or certain termination conditions are met. In the past two decades, GAs have been successfully formulated to solve many science and engineering problems and have proved to be an efficient means of searching for the optimal solutions of large-scale optimization problems. In addition, GAs are suitable for problems with multiple objectives. As a result, GAs provide an alternative other than weighting for multiobjective problems. Furthermore, because there are no restrictions of using GAs in terms of uncertainties, GAs also serves as a good tool for searching the optimal solutions under uncertainties.
GA FOR STOCHASTIC TIME-COST TRADE-OFF PROBLEM OF CONSTRUCTION PROJECTS Background
The application of GAs to the stochastic time-cost trade-off problem is an extension of work presented recently, and applied to deterministic problems (Feng et al. 1997) . In this previous work, each string in the GA population represents a selection of options to complete the project, with associated time and cost to finish the project. Fig. 7 presents an example of a string representing a seven-activity network. The value in each position within the string indicates which option is selected for the activity. The fitness function is computed by measuring the distance from the individual member of the population to the convex hull separating the entire population from the cost and duration axes. The smaller this distance, the more fit is the individual (Fig. 8) . Therefore, the solutions closer to the convex hull reproduce more frequently than the solutions further away from the convex hull. Consequently, there will be a natural tendency for the new population to move toward the convex hull, as well as toward the optimal trade-off curve because there are no individuals between the convex hull and the trade-off curve. The use of GA and convex hull shows that GA is very powerful in searching for optimal solutions of large-scale construction time-cost trade-off problems. However, for stochastic time-cost trade-off problems, a more complicated selection scheme must be used. The following sections describe how the deterministic method described above is modified for the stochastic time-cost trade-off problem.
Use of Simulation at Activity Level
Overlaps between Distributions
Simulation utilizes the whole distribution of duration and cost to represent an option, which solves the problems caused
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by overlaps between the distributions. Because the duration and cost of an option are randomly generated by the simulation scheme, they are no longer represented by fixed values, and the whole distributions are accounted for.
Correlation between Duration and Cost
The problem of correlation between the duration and cost of an option can also be resolved by adding the correlation into the simulation scheme. That is, after randomly generating a sample value of cost C r , the associated duration D r is determined from the regression analysis based on existing historical data (Fig. 9) . Consider an option in which the joint probability of the duration and cost is bivariate normal. The conditional mean duration of a randomly generated cost C r is = ϩ ( / )(C Ϫ ) (1)
and the conditional variance is
if the variance is assumed to be constant. Therefore, the associated duration of C r is 
Correlation between Activities
The interdependencies between activities can also be solved by adding the correlation between activities in the simulation. For example, if Activities A and B are dependent on each other, the duration and cost of both activities will be simulated with due regard to this correlation. The degree of correlation among activities can be derived from historical project data, if available, or from the assessment of a project planner from his or her past experience.
Note that the distributions of the overall project duration and cost can be obtained from the simulation. These distributions serve as the genetic information for each individual and are used to evaluate the performance of the individual, as described in the next section.
Computing Fitness at Project Level
The convex hull is defined by the mean values of the project durations and costs of the solutions in the population, as shown in Fig. 10 . The fitness value of an individual solution is defined as the solution's average minimal distance to the convex hull. That is, all of the simulation results are used to evaluate the distance to the convex hull. The goal of this approach is to determine which solutions are closer to the convex hull and, consequently, which ones are better in a probabilistic sense. The ellipses in Fig. 10 are used to graphically represent the simulation results corresponding to a solution. Having knowledge of these complete distributions allows the project planner to assess risks associated with various solutions. The flowchart in Fig. 11 summarizes the GA presented in this paper. In addition, the algorithms for finding the pareto front and the convex hull can be found in Feng et al. (1997) . Fig. 12 shows a test network configuration. Table 1 is the option data of this test example. In Table 1 , n indicates that the option cost and duration is normally distributed. Other distributions can be used, as provided in the simulation software being used. Mean and standard deviation values are provided for each of the normally distributed options in Table 1 . This example is tested on a Pentium 133 PC with 48MB RAM using a C-coded computer program to implement the GA written by the first writer. The results of running the GA/simulation method are shown in Fig. 13 at various stages of completion. The initial population is scattered widely over the solution space. There is no significant convergence after first 20 iterations. After 40 iterations, a significant convergence toward the optimal time-cost trade-off curve has occurred, and a stable solution has been found. The series of white dots through the mid-region of the simulation results are the mean values of the optimal solutions. The optimal solutions are those with the better fitness values and constitute the optimal timecost trade-off curve, as presented in Table 2 . Conclusions can be drawn regarding the best option for each activity using probabilistic analysis, as shown in Table 3 . It can be seen that Option 3 for both Activities 4 and 6 are the dominating options and can be selected as the best options without regard to project cost or duration. Selection of the remaining options requires that the project planner considers time and/or cost constraints, as well as the level of acceptable risk. Having access to the entire distribution of simulation results for each solution on the time-cost trade-off curve gives the project planner plenty of information to make these decisions. Some of the ways that this information can be represented are presented in the next section.
PROBABILISTIC ANALYSES
After finding the optimal solutions, several probabilistic analyses can be performed according to the project planner's needs. For example, the project planner may want to know the distributions of the project duration and project cost for a cer-tain solution. The project planner can use simulation to find this. A simulation is performed by using the suggested ''best options'' presented in Table 3 . Figs. 14 and 15 show the probability density function (PDF) and cumulative distribution function (CDF) of the project duration, respectively. We can estimate the project duration for this example by using the mean value, which is 71.83. In addition, the project planner can look into the CDF of the project duration to find out the probability that the project can be finished within a certain desired duration. For example, if the desired duration is 75 days, the probability would be around 78%. Figs. 16 and 17 show the PDF and CDF of the project cost, respectively, for the same example.
In addition, the project planner may want to know how the overall project duration versus project cost is distributed. For example, the project planner can use the mean Ϯ1 standard deviation for both project duration and cost to find a desired region for probabilistic analyses. Fig. 18 shows the mean Ϯ1 standard deviation of project duration versus the mean of project cost for the test example. If the project planner is more concerned with project cost, he or she may choose a solution with a desired project cost and see how the associated project duration varies. Fig. 19 shows the mean of project duration versus the mean Ϯ1 standard deviation of project cost for the test example. Again, if the project planner is concerned more with project duration, he or she may choose a solution with a desired project duration and see how the associated project cost varies. It may be desirable to pick a solution with a narrow distribution.
CONCLUSIONS
This research utilizes GAs along with simulation techniques to imitate the probabilistic nature of project networks throughout the search of optimal solutions. This approach provides more realistic solutions for construction time-cost trade-off problem under uncertainty. It also demonstrates that GAs can be integrated with simulation techniques to provide an efficient and practical means of assessing project time and cost risks. Although the traditional approaches for time-cost trade-off analysis, such as heuristic and mathematical programming, have their roles, the future seems to favor combined GAs and simulation, particularly for time-cost trade-off analysis of construction projects under uncertainty. This new approach provides construction engineers with a new way of analyzing construction time/cost decisions in a more realistic manner. Historical time/cost data and available options to complete a project can be modeled, so that construction engineers can identify best strategies to take to complete the project at minimum time and cost. Also, what-if scenarios can be explored to decide the desired/optimal time and/or cost in planning and executing project activities.
